EECS 20. Practice Problems No. 1.

You have the following sources of practice problems:

e Quizzes you have taken.

Problem sets you have turned in.

The exam archive on the web from prior semesters.

The labs you have done.

The problem session problems.

The following problems, mostly drawn from the problem sessions.

In the problems below, references to figures and sections are references to your reader, except when
the figure is included here.

A.4 T In the following figure,X = {(x,y) | 2> + y? = 1} is depicted as a 2-dimensional circle
andZ = [0,2] is shown as a 1-dimensional line segment. Explain why it is reasonable to
show the product set as a 3-dimensional cylinder.

Solution: The product of ann-dimensional set with an-dimensional set is a new set with

m + n dimensions. One way to think df x X is to imagine that each point in the line
becomes a circle. That is, each and every element in the 1-dimensional line is combined with
every element in the 2-dimensional circle set. The new 3-dimensional set, when graphed, is a
cylinder. In symbols,

ZxX=|J{zxX
z2€Z

Graphically, the product can be drawn as:



The arrow points tdz} x X.

A.5 E Inthe spirit of figure A.2, give a picture for the product $&1, T'u, W, Th, F'} x[8.00, 17.00]
and indicate on your drawing the lecture hours for this class.

Solution: Sketch:

8 9101121314151617

M —————— ==
Tu ———————
W ———— -
Th ——————
F -

The above assumes the class is scheduled to meet MWF 11-12.

A.6 E In the spirit of figure A.2, give a picture for the sét= {(z,y) | =z € [1, 2],y € [1,2]} and
the setB = {(z,z) | z € [1,2]}. Explain why the two sets are different.

Solution: Sketch:
2/
1

In the second set, both elements of the tuple must be identical. In the first set, they can be
different.

A.13 E Define the following sets in terms of the sets named in section A.1.5.

(&) The set of all 10-letter passwords.
(b) The set of alb x 6 matrices of real numbers.
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(c) The set of all complex numbers with magnitude at most 1.
(d) The set of all 2-dimensional vectors with magnitude exactly 1.

Solution:
(a) Char'®
(b) Reals® or (Reals)® or (Real$)®.
(©) {c € Compg ¢ <1}.
(d) {(v1,v9) € Realg[v? 4 v3 = 1}.
A.16 T Use Matlab to depict the following sets using the plot command:
(@) {(t,z) € Reald | z = sin(t), andt € {0, x2m, 22, -, 2327 }},
d) {(y,z) € Realg |y =¢€", andz € {—1,—1+ %, -1+ 22—0, - 1}
©) {(y,2) €Reald |y =e*, andz € {1, —1 + 55, —1 + &, -+, 1}}.
Solution:
(a) t=0:(pi/10):(2*pi); plot(t,sin(t));
(b) x=-1:(1/20):1; plot(x,exp(x));
(c) x=-1:(1/20):1; plot(x,exp(-x));

1.1 C For each of the continuous-time signals below, represent the signal in the fgrXof> Y
and as a sketch in the form of figure 1.1. Carefully identify the range and domain in each case.
(a) The voltage across a car battery,
(b) The closing prices on each day of a share of a company,
(c) The position of a moving vehicle on a straight road,
(d) The simultaneous position of two moving vehicles on the same straight road, and
(e) The sound heard in both of your ears.

Solution:



(a) One possible model is

(b)

CarBattery\VoltageReals— Reals
where the domain represents time and the range represents voltage, and
Vt € Reals CarBatteryVoltagét) = 12.

Since the value is contant, we could have defined the range{tthea set with just one
element. However, in practice, the voltage is only approximately a constant 12 volts. In
fact, while you are starting your car, the electrical load on the battery causes the voltage
to drop considerably. The voltage also fluctuates with noise caused by electrical circuits
in the car. Thus, setting the rangeRealsgives us more modeling flexibility, allowing

us to be more accurate if we choose to do so. A sketch is shown below:
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This is generated by the following Matlab commands

plot([0 1],[12 12])
xlabel('time (sec)’)
ylabel('voltage”)
axis([0 1 0 13])

One possible model is
price: Nats — Prices

where the domain counts off days from some starting point, and therisesis
Prices= {0,1/16,1/8,3/16,2/8,5/16,---},

assuming the stock markets have not yet switched a decimal system. A sketch of a
segment of one such possible function (for a fictitious company) is shown below:



(©
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This is generated by the following Matlab commands
days = 1:30;
for day = days
price(day) = 40 + day*0.2 + rand(1);
end
plot(days, price), xlabel('day’), ylabel(’price’)

One possible model is

position Reals— [0, L]

where the domain represents time dnid the length of the road. A sketch of a segment
of one such possible function (which assumes that the car is moving forward in fits and

starts) is shown below:

14

12
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L L L L L
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time

This is generated by the following Matlab commands
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(d)

numSamples = 30;
times = 2:numSamples;
position(1) = 0;
for t = times
position(t) = position(t-1) + rand(1);
end
plot([1 times], position), xlabel('time”), ylabel(’position’)

One possible model is
twoPositionsReals— [0, L] x [0, L]

where the domain represents time dnid the length of the road. A sketch of a segment
of one such possible function (which assumes that both cars are moving forward in fits
and starts) is shown below:

18

16
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position
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Here, the function is represented as two functions,

onePositionReals— [0, L],
anotherPositionReals— [0, L],

such that

V't € Reals twoPosition$t) = (onePositiorit), anotherPositiolft)).

These are both plotted on the same plot, although it would equally valid to plot them in
separate plots. This is generated by the following Matlab commands

numSamples = 30;

times = 2:numSamples;

position1(1) = O;

position2(1) = 4;

for t = times
position1(t)
position2(t)

end

position1(t-1) + rand(1);
position2(t-1) + rand(1);



plot([1 times], positionl, -, [1 times], position2, ’--")
xlabel('time’), ylabel(’position’)

(e) One possible model is
stereoAudioReals— Realsx Reals

where the domain represents time and the range represents air pressure at each of the
two ears. Just as with the previous part, we can divide the function into two and plot the
two functions separately or on the same plot.

1.4 C Formulate the following items of information as functions. Identify the domain and range
in each case.

(&) The population of U.S. cities,

(b) The white pages in a phone book (careful: the white pages may list two identical names,
and may list the same phone number under two different names),

(c) The birth dates of students in class,

(d) The broadcast frequencies of AM radio stations,

(e) The broadcast frequencies of FM radio stations, (look at your radio dial, or at the web
page:
http://lwww.eecs.berkeley.edu/"eal/eecs20/sidebars/radio/index.html.

Solution:

©) Population Cities — Nats
whereCitiesis the set of cities.

(b) This problem is a little tricky, since it is possible for there to be two entries in the white
pages with the same name, and two entries with the same phone number. Thus, it will
not work to map names into phone numbers, nor phone numbers into names. Instead,
we choose the domaiNatsto represent the position of the white pages entry in the
phone book, and the range to Bamesx {0,1,---,9}".

(© Birthdates Students— Dates
where the sets are obvious.

(d) FrequenciesStations— [530, 1700]
where Stations= KDOG, - -- and the frequencies are in units of kHz. Note that we
could actually be more specific and make the range a discrete set, since the FCC only
allocates certain discrete frequencies.

(e) FrequenciesStations— [88, 108]
whereStations= KQED, KPFA,- - - and the frequencies are in units of MHz. Note that
again we could actually be more specific and make the range a discrete set, since the
FCC only allocates certain discrete frequencies.

1.5 E Use Matlab to plot the graph of the following continuous-time functions defined over
[—1,1], and on the same plot display 11 uniformly spaced samples (0.2 seconds apart) of
these functions.



(@) f:]—1,1] — Reals where for allz € [—1,1], f(x) = e Tsin(107x).
(b) Chirp: [—1,1] — Reals where for allt € [—1, 1], Chirp(t) = cos(107t?).

Solution: The two plots are shown below:

Notice that in the first case, the samples all have value 0. In the second case, the samples also
do not accurately reflect the structure of the waveform. This is a clear indication that we have
not sampled frequently enough. The Matlab commands that generated these plots are:

denseTime = [-1:0.01:1];

sampleTime = [-1:0.2:1];

yl = exp(-denseTime).*sin(10*pi*denseTime);

y2 = exp(-sampleTime).*sin(10*pi*sampleTime);
subplot(2,1,1), plot(denseTime,yl,’-’,sampleTime,y2,’0");
chirpl = cos(10*pi*denseTime. 2);

chirp2 = cos(10*pi*sampleTime. 2);

subplot(2,1,2), plot(denseTime,chirpl,’-’,sampleTime,chirp2,’0’);

2.2 T This problem studies the relationship between the notiatetdy and the graph of a func-
tion.



(a) Consider two functiong andg from Realsinto RealswhereV ¢ € Reals f(¢) = t and
g(t) = f(t —to), wherety is a fixed number. Sketch a plot ¢fandg for ¢, = 1 and
to = —1. Observe that if, > 0 thengraph(g) is obtained by movingraph(f) to the
right, and ifty < 0 by moving it to the left.

(b) Show that iff: Reals— Realsis any function whatsoever, aftt, g¢(t) = f(t — to),
then if (¢,y) € graph(f), then(t + to,y) € graph(g). This is another way of saying
that if £, > 0 then the graph is moved to the right, andyif< 0 then the graph is moved
to the left.

(c) If t represents time, and &y > 0, we say thay is obtained bydelaying f. Why is it
reasonable to say this?

Solution:

(&) The functions are shown below:

A

g (whentg = -1) f g (whentg=1)

(b) If (¢,y) € graph(f) thenf(t) = y. Henceg(t + to) = f((t + to) — to) = f(t) =y, SO
(t +to,y) € graph(g).

(c) If a particular valuey occurs forf at timet, then the same valugwill occur for ¢ at
timet + tg. Forty > 0 this is later in time, so it is reasonable to call this a delay.

1. C A router in the Internet is a switch with several input ports and several output ports. A
packet containing data arrives at an input port at an arbitrary time, and the switch forwards
the packet to one of the outgoing ports. The ports of different routers are connected by
transmission links. When a packet arrives at an input port, the switch examines the packet,
extracting from it a destination addreds The switch then looks up the output port in its
routing table, which contains entries of the fofd) outputPord. It then forwards the packet
to the specified output port. Thus, the internet works by setting up the routing tables in the
routers.

Consider a simplified router with one input port and and two output ports, némed,. Let
D be the set of destination addresses.

(a) Explain why the routing table can be described as a sdbsetD x {O1,05}.

(b) Isitreasonable to constrdinto be the graph of a function frof — {01, O2}? Why?



(c) Assume the signal at the input port is a sequence of packets. How would you describe
the space of input signals to the router and output signals from the router?

(d) How would you describe the switch as a function from the space of input signals to the
space of output signals?

Solution:

(a) Each entry in the tabl€ is of the form(d, outputPor), whered € D andoutputPorte
{01, O2}. Thus, the entryd, outputPor) € D x{O1,02}. Hence,I' C D x {01, Os}.

(b) T should be the graph of a function because for each destination address there should
be listed exactly one output port, or else the router would not know what to do with the

packet.

(c) LetPackets= D x otherDatabe the set of possible packets. The agtbierDatais the
set of possible data, other than destination addresses, that the router carries. Define

PacketStreamNats — Packets
Then an input to the router is PacketStreaand an output is iPacketStrear
(d) The switch is a function
Switch PacketStream- PacketStream

such that if the input € PacketStreamandSwitch{z) = (y, z), theny is the substream
of 2 whose destination addresses satiBfyl) = O, andz is the substream af whose

destination addresses satigfyd) = O,.

2.11 E Suppose thaf: Reals— Realsandg: Reals— Ints such that for all: € Reals

1 if >0
glx)=4¢ 0 if =0
-1 ifz<0
and
flz)=1+=.

(a) Defineh =go f.
(b) Suppose that
F:[Reals— Real$ — [Reals— Reals
G:[Reals— Real§ — [Reals— Ints|
such that for alk € [Reals— Realg andz € Reals
(F(s))(x) = f(s(x))
(G(s))(x) = g(s(x))
where f and g are as given above. Sketch a block diagram for= G o F. Let
s € [Reals— Real$ be such that for alt: € Reals

s(z) = cos(mx).
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Defineu where

Solution:

(&) h:Reals— Intssuch that for allz € Reals

1 if x> —1
h(z) =14 0 if z =—1
-1 ifz<-—1

(b) Here is a block diagram:

h

The desired signal ig: Reals— Intswhere for allz € Reals

(z) = 0 if zis an odd integer
YT 1 otherwise

Note that this signal is 1 almost everywhere and goes to zero only a countable number
of discrete points on the real line. No real-world signal would behave this way.
2.12 T Let D = DiscSignals= [Ints — Realg and let
G:DxD — D
such that for allz, y € D and for alln. € Ints,
(G(z,y))(n) = z(n) —y(n —1).

Now suppose we construct a new systanas follows:

H

DefineH (as much as you can).
Solution: H: D — D such that for all: € D andn € Ints, H(x) satisfies

(H(z))(n) = z(n) — (H(x))(n —1).

This is as much as we can defifle This definition is complete only if sucH (z) exists and
is unique.
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3.3 E Consider the alphabets
Inputs= Outputs= Bin = {0, 1}.

(a) Construct a state machine that uses these alphabets suchutt@t if(1), - - - is any
input sequence, the output sequence is

1 iftn>2A(x(n—-2),z(n—1),z(n)) = (1,1,1
v e Nats, y(n):{o othe?wise(( bl bt = )

In words, the machine outputs 1 if the three previous inputs are all 1's, otherwise it
outputs 0.

(b) For the same input and output alphabet, construct a state machine that outputs 1 if the
three previous inputs are eith@r, 1,1) or (1,0, 1), and otherwise it outputs 0.

Solution: The solution is shown in figurgé. For part (a)States= {0,1, 11} while for part
(b), States= {0,1,11,10}.

3.6 T Construct an infinite state machine that realizesial
Solution: From the description dEqual, it is clear that

Inputs= {0, 1, absent,
and
Outputs= {equal notEqual absent.

We can define the state to be difference between the number of ones that have arrived and the
number of zeros that have arrived, in which case,

States= Ints.
Then for alls € Statesandz € Inputs

(0, equal) f(r=1As=-1)V(z=0As=1)
) (s+1,notEqua) ifz=1As#—1
Updates, z) = (s —1,notEqua) ifz=0As#1
(s,abseny otherwise
3.10 E Consider the state machine in figuelt implementsCodeRecognizebut has more states
than the one in figur@. Show that it is equivalent by giving a bisimulation relation with the
machine in figure.

Solution: The bisumulation relation is

{(start, start), (1,1),(11,11), (110, 110), (start, 1100) }.
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Figure 2: A machine that implemen®odeRecognizer
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'et’ @ o

{0} /recognize

{0}

Figure 3: A machine that implemen®odeRecognizeibut has more states than the one in figure
2.

Figure 4: State machine for problein
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3.11 E Consider the state machine in figuteSuppose that the alphabets are
Inputs= {1, a}
Outputs= {0, 1,a},

wherea (short forabsenj is the stuttering element. State whether each of the following is in
the setBehaviorsfor this machine. In each of the following, the ellipsis *” means that the
last element is repeated forever. Also, in each case, the input and output signals are given as
sequences.
(a) ((13 1? 13 1? 13 o ')a (03 1? 13 0303 T
(b) ((17 ]-7 ]-7 ]-7 ]-7 ne ')7 (07 ]-7 ]-7 0,(1, T
(C) ((a’? 13 a, 1,0,, o ')a (a'a 13 a, 0,0,, o
(( )
(( )

~—
~—

(d) 1717171717"'
(e) lalalalala"'

Solution:

~— e =
—_ — =

,(0,0,(1,(1,(1,"'
(

) O,a,O,a,a,---

(@) no
(b) yes
(c) no
(d) yes
(e) no
4.2 E Define the composite state machine in figure 4.9 in terms of the component machines,

as done for the simpler compositions in figures 4.2 and 4.1. Be sure to state any required
assumptions. Give the definition in two different ways:

(a) Directly form a product of the three state spaces.

(b) First compose thel and B state machines to get a nef» state machine, and then
composeD with C.

(c) Comment on the relationship between the models in part (a) and (b).
Solution:

(a) Assumptions about the component machines:
Outputs; C Inputsg C Inputs,
Definition of the composite machine:
States— States x Stateg x Stateg:
Inputs = Inputs,
Outputs= Outputs,
initialState = (initialStatey, initialStateg, initialState.)
update(s4,sp,sc), ) = ((3i4’ S,B’ S,C)v yc)
where
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(s'y,ya) = updatey(sa, ), (s, yp) = updatez(sp,y4), and
(str, yc) = update:(sc, yB)-
(b) For the first composition4 and B):
Assumptions about the component machines:
Outputs, C Inputsg
Definition of the composite machine:
Stateg, — States, x Stateg;
Inputs,, = Inputs,
Outputs, = Outputs;
initialStatep = (initialStatey, initialStatep)
updat%((SAa SB)v (II) = ((S,A’ S,B)v yB)
where
(s'4,y4) = updatey (s 4, ) and
(s'3,yp) = update;(sp,ya).
For the second compositio®(andC):
Assumptions about the component machines:
Outputs, C Inputs,
Definition of the composite machine:
States= Stateg) x Stateg:
Inputs= Inputs,
Outputs= Outputs,
initialState = (initialStatep, initialState.)
update(sp, sc), z) = ((sp, s¢:), yc)
where
(s, yp) = update,(sp, z) and(sy, yc) = updatg:(sc, yp).
(c) The models in (a) and (b) are different but equivalent state machines.

4.5 C A road has a pedestrian crossing with a traffic light. The light is normally green for
vehicles, and the pedestrian is told to wait. However, if a pedestrian presses a button, the light
turns yellow for 30 seconds and then red for 30 seconds. When it is red, the pedestrian is told
“cross now.” After the 30 seconds of red, the light turns back to green. If a pedestrian presses
the button again while the light is red, then the red is extended to a full minute.

Construct a composite model for this system that has at least two state maghafied, ight

for the traffic light seen by the cars, aWdlkLightfor the walk light seen by the pedestrians.

The state of machine should represent the state of the lights. For exdmgflieLightshould

have at least three states, one for green, one for yellow, and one for red. Each color may,
however, have more than one state associated with it. For example, there may be more than
one state in which the light is red. It is typical in modeling systems for the states of the model
to represent states of the physical system.

Assume you have a timer available such that if you emit an ostaut timer, then 30 seconds
later an inputtimeoutwill appear. It is sufficient to give the state transition graphs for the
machines. State any assumptions you need to make.

Solution: One possible design structures the state machines as follows:
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{ button press, absent} {cross, wait, absent}
- -

TrafficLight WalkLight

{timeout, absent}

{ start timer, absent}

timer 4——

where the state transition diagram for the traffic light model is:

{(* timeout)}/
{ (button press,*)}/ (start timer, cross)
(start timer, absent )

{ (button press, *)}

{ (absent, timeout })/
(absent, wait)

{ (* timeout )}/
(absent, wait )

{ (* timeout)}/(start timer, cross)

else

and the state transition diagram for the wait light is:
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else
Cross
’ | | ’ -

This assumes that the crossing light starts in the “wait” state and that outputs from this state
machine change it.

The set of states for the traffic light is

States= {green yellow, red, extension requestedxtended red,
The set of inputs is

Inputs= {button pressabsent x {timeout absent.
The set of outputs is

Outputs= {start timer, absen} x {wait, cross absent.
TheWaitLightmachine is more trivial:

States= {wait, cross,
Inputs= {wait, cross absent.
There are no outputs, so

Outputs= {absent.
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