EECS 20N Final Exam Practice Problems SOLUTIONS, Spring 2006

1 (a)
s(n+1) = As(n) + Ba(n)  s(0) = [ Zggg }
Zero-Input State Response — (n) = 0, Vn
sn+1) = As(n);Az[é H
- wo-[ 1]
- { (02%?(0)}
0w [y 1] [
[
o = [5]
(b)
h(n) = ¢"A" b, n>1; h(0)=d=0
T
-3
et
A = (1) H,vnzo
M1 = TA%=[1 o}“ ‘fHﬂ:[l N[HZW
h2) = A= 1 o}“ 1}{?}:[1 1}[2}:[1]
hn) = A" =1 o]“ ”‘”[H:[l n—1}[



B “}%w(n)za(n_l):{L I

0, otherwise
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T A™s(0) + z": h(l — k)x(k) = " A"s(0) + h(n — 1)

[1 0}[(1) ?HHJrh[n—l]

[ 1 n}{1]+h[n—1}:[1+n]+[n—2]:[2n—1]

y(n) —y(n —1) = z(n) — 2x(n — 1)
y(n) =xz(n) —2x(n—1)+y(n —1)
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(b)

+ + y(n)
-1 7
L

(c)
s(n)=—-2z(n—1)+y(n—1)

s(n+1) = =2a(n) + y(n) = —(n) + s(n)
A=1,B=-1,C=1,d=1

Zero-State Impulse Response

(d) Same as (a)



(e) Frequency response

v(n) = € y(n) = H(w)eln
H(w)e™*™ = — 2e07Y 4 H (w)
Hw)(1—e¥) = 1 -2
H L -2
W = =
Using impulse response:
h(n) = d0(n)—un-—1)
s(n) ZET 1
DTFT 1
u(n) — =
Jw
u(n — 1) ki
1—e
e v 1—2e
H - 1- -
(w) = o

s(2) = [H:ASQHBM)

s(1) = As(O)+Bw(0):A<[O

s(2) = A(Bx(0)) + Bz(1) — plugin A — [
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z(0) - [1]



(b)
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s(1) = As(0)+ Bx(0) = A ( _ j; D + Bx(0) = Bx(0)

—~
— LS =22
— o » n K 8 g
— L 1L 1L _+ I_ll_l
SS(((QI_I
| | N2l
I (11 — — 11|_| ATIT _ _
| — A | —— |
o0 — 4o 4O —HoO & N o o a9
1 A. 1L 1L 1L 1L 1L _00_ |
I I I I I I I I I
— TN TN N N
N S —H O -
S~— — N N
8 8
+
N
Va)
+ +
i
o
(&




(a)

c1z(n) + dysi(n)

c2y1(n) + dasa(n)

ca(c1z(n) + disi(n)) + dasa(n)
= c10x(n) + codys1(n)dasa(n)

s = {ZEZ”,C:ch,D:[@dl dy |

=
S
[T

siin+1) = Aisi(n) + bixs(n)
So(n+1) = Aysa(n) + boyi(n)
= Asso(n) + balcrz(n) + disi(n)]
= c1bax(n) + badys1(n) + Azsa(n)
s I ot | S SRS AR RO

_ A0 _
A = |:b2d1 Az}b |:Clb2}

d(n)+do(n—1)+3d(n—2)
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d(n)+dn—1)—=dn—-3)+dn—>5)—...

0 t<O0
et t>0

yi(t) = / e dr t—7>0
0

t
et / etdr
0

e el
e f(ef —1)
(1—e™)
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z(n)+z(n—1)—z(n—3)+x2(n—5)—xz(n—"1)...



(b)

-1
ya(t) = /Oooh(t—T)dT t—7<0
/

if t<0, yo(t) = e — rdr
=
= —(0-1)
= et
if t>0, ya(t) = / e — rdr
t
— _6t6—7|(t>o
= —'(0—e
= 1
et t<0
e(l) { 1 t>0
(c)
et t<0
h3(t) - { eft t Z O
ys(t) = / Wt — 7)dr
0
t
if t<0, / eldt = e = —-0=¢
0 —too
if t>0 / etdt—l—/ etdt = €'Y —e '}
—00 0
= 1—(e"=1)
= 2—¢t
2—et t>0
ys(t) = { et t<0

7 (a) z(t) = cos(2nt) + sin(37t) Both components of z(t) are periodic. .". Period of
z is the smallest p such that 27p, 37p are integer multiples of 2 = p = 2
.. x periodic with period 2.



= Angular freq wy = 27/p = wrad/s

Using
127t —i27t
cos(2mt) = %
ei37rt _ e—i37rt
sin(3wt) = 5
i

we get the exponential Fourier Series representation of z as:

v, 1 1, i,
I(t) = e z37rt_|__€ z27rt+ _6127rt_ _6237rt

[\

Noting that 37t = 3wot, 27t = 2wt, we get

1/2 when m = 43

B i/2  whenm = -3
Tm = —i/2 whenm =3
0 otherwise
(b)
) = et t>0
0 t<0
CTFT (w) — / (et dt
= / e te ™t
0
= / e—(1 4 iw)dt
0
6—(1+iw)t
T C(l+iw)°
B 1
14w
1
W) = T

Using the frequency shifting property of CTFT, we get

1

y(w) = 2(w —wp) = m



(c) (i) DTFT symmetric aboutw = 0
= z(w) = z(—w)
DTFT real = z(w) = 2*(w) combining, we get z(w) = z¥(w). Taking
inverse DTFT, we get
z(n) = z*(n) = z(n) real ¥n
= 1z is realvalued.
(i) y(k) = x(k/2) if k even; =0 otherwise.

o0

yw) = > ylnpe

n=—oo

= > yn)e ™"

neven

= Z:L‘(n/Q)e_i‘m
= Z z(l)e!

l=—00%°

Sy(w) = 2(2w)

-Tr -3m/4 2 -4 0 4 2 34 m

Sketch of y: use the fact that z(w) periodic with period 27.
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Vn e N,z(n) = (0.5)"

(e o]

r(w) = Z x(m)e ™™

m=—0o0
oo

= > (05)mleem

m=—0oQ
o0

= ) (05)™ (e 4 ™) + (0.5)°

m=1
%)

= SO () + () - (05)°

m=0

1 1
= (05)(e ™) " T=(05)(e=)
[Using geometric series sum |
e 1
. — — 1
e —0.5 * 1—0.5¢w

(a)

x(n) = " = L /%:L’(w)eiw"dw
2m J,

z(w) needs to pick out €™ at w = wy with proper scaling.

r(w) =2m0(w —wy) Vw € [0, 27|

Note that DTFT X (w) is always periodic with period 27. Here we find

expression for z(w) only in [0, 27]

(b) X
y(n) = cos(wp,n) = 56“’0" + §ei(_“°)”

wo € [0,27] but —wy ¢ [0, 27], so use the fact that ¢'(~won = gil-wn+2mn),
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(e™™ is periodic in w with period 2)

1 . 1 .
. — . wn — _i(2m—wo)n
y(n) 5¢ + 5¢

1 2

= — Y (w)e™"dw
2w Jo

Y(w) = 7mé(w— (27m —wp)) Vw € [0,2m), periodic period2m

(©)

Z(n) = %", wy=2m+ %
Z(n) _ ei?wnei%n
— ez%n

Z(w) = 2m0(w— %) Yw € [0, 27), periodic period2m

10 (a)

1. 1 _. 1 [ .
x(t) = cos(20mt) = 561207”5 + 56_’20” = 2—/ z(w)e*tdw
T

z(w) needs to pick out ™' at w = 207 and —207, with some scaling
z(w) = m0(w — 20m) + 7 (w + 207)

1 -10<t<10
0 otherwise

plw) = / T p(t)e it

o0

10
_ / e—iwt
-10

—iwt
€ 10
- —iw T 10
1

iw
2sin(10w)

(eil(]w . 6i10w>

w

w0) = w(OplH) = V() = 5 (e p)w)

Note that z(w) is sum of scaled, shifted impulses, so (z * p)(w) would be

12



just p(w) shifted and scaled.

1
Y(w) = %(Wp(w — 207) 4 mp(w + 207))
sin(10(w — 207))  sin(10(w + 207))
= +
w — 207 w + 207

Unit of wisrad/s

(b) Note that z(w),Y (w) are all real, so we can simply plot them (as opposed
to plotting magnitude and phase in case of complex number)

:>:I
s

-20TmT 201

A [ )
/5 \-11/1 H/MHIS N

N

Vaon 7T S 2o

(7 is the strength(area under) of the impulse)

2sin(10w)
w

p(0) is actually undefined (divided by zero), but the limit is lim,,_,
(by L'Hopital rule):w lo=0 = 20

Y (0) = 0 because p(w) = 0 when w = {5k, k € Z and 207 is divisible by

™

10
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(c) Unit of w in discrete-time is rad/sample . Sampling has an effect of
replicating Y (w) every 27 f; = 2007rad/s and scale the frequency by f;,
so frequency 2nrad/sample in discrete time corresponds to frequency
27 fs in continuous time. z(w) = 100>",7 Y (100(w — 27k))

(d) Note that there will be some tails from sines at other location although
the effects are not significant. periodic with period 27

1000
NG um\ rﬂ U Tl
=21 -T1/2 2 21-w/2 211 21T+T17/2

11 (a)
ty = cos(107t) £ r1(w) =m0 (w £ 10m) wp, = 107
(b)
ta = cos(20mt) L o(w) = mo(w£20m) wp, =207
ts = cos(30mt) L 3(w) =mé(w £ 307r) wp, = 307
ts = cos(10mt) + cos(20mt) + cos(30mt) ~ 5
1

—

ry(w) = w(0(w=£107) + d(w £ 207) + 6(w £ 307))  wp, = 307
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(©)

yi(n) =

Y2(n) =

ys(n) =
ya(n) =

(d)

Zk(t)? Zk<t>’t:£

15

1

(
2o(t

(

(

N

th

)
)
)
)

Z4t

307mrad/s < fs = 15Hz

2
cos(lOﬂl%) = cos(=mn)

3
COS(g?TTL) = cos((—27 + gw))
—2 2
cos(?wn) = cos(gwn)

cos(2mn) =1

2
2 cos(gwn) +1

= (n)
2
= cos(gﬂ.15t) = cos(10mt) wp = 107
= cos(107t) wp =107
= 1 wp = 0
= 2cos(107t) +1 wp =107

Note: zt) = cos((w + 27k) f,t) for any k € Z will have the same z(n) =
cos(wn) after sampling at f,. By making sure |w + 27k| < 7, we always

have z(t) with wg < %

12 (a) Note: If z(n) is z(t) sampled at sampling period T, y(n) is just z(¢) sampled

at sampling period < T'.

Give the explanation on pg437 and final equation on pg440 on textbook,

Xw) =

Y(w) =

[e.o]

-2
> w 2k
IS, St RO

where X (w),Y (w) are DTFT of X(n) and Y(n),and Z(w) is CTFT of

15



Z(t),Now letk =i+ rL where —co <r<ocand 0<i< L —1

w  2m(i+rL)

(1) =Y(w) = 7 > Z(ﬁ_T)

(b) We can reconstruct = only when there is no overlapping among X (£=2")

X(w)
1
N » W (rad/s)
2 -Wg wg 21+Wg 2m 21+Wp
Y(w)
1L
i o » W (rad/s)
- -WesL WsL 2m-Lwg 2m+Llwg

Therefore the condition is: wpl < 7 < wp < 7 bandwidth of z(n) is
smaller than 7

16



(c) Intuitively, we need to amplify y(n) by L and increase the sampling rate.

B Ly(n/L) n=0,+L, +2L, ...
Let Z(n) = {0 otherwise

Z(n) = LZ 6(n — kL)

k=—o00
0

Then Z(w) = Z (n)e™n

n=—oo

= L Z Z 5(n — kL)e™™n

n=—oo k=—o0

2L “Wp ws WL 2miL >

clearly, after a low-pass filter with cut-off frequency at 7, Z(w) = X(w),and
Z(n) = X(n).

13 (a)
Wi(n) = Y(nT)
Uty = > W(m)s(t—nT)=>Y Y(nT)s(t—nT)

w — 27k

W(w) — %ZY(

17



Note the convention that 'n’ is for discrete time and ’t’ is for continuous
time.

(b) We have z(t) as the perfect reconstruction of Y (t). Z(w) = Y(w) =
X(w)H (w)

(c) T = 0.1s = sampling frequency= 10H 2. X (t) = sin(257t) + sin(5nt). .".
Y (t) = Z(t) = sin(57t)

(d) H(w) =1VYw = Y (w) is not band-limited as before. Do we have alias-
ing? However,ata sampling frequency of 10H z, 12.5H z is indistinguish-
able from 2.5H z.

! |

» frequency /Hz

25 5 10 125 15 20
-t
1 period

*. Z(t) = sin(5t) as before.

15 (a)
show cos(u+wv) = cosucosv —sinusinv

COSUCOSV = Z(ej“ +e ) (e +e)
_ i@j(um L eIl 4 gmilumn) | pilumv)y (1)

sinusinv = —Z(ej“ — e ) (el — e7IY)
= L) | gt _ mitum) _ gitumn)y 2)

4
1 . .
()= (2) = S0 )

= cos(u+v)

18



16 Suppose that x is a discrete-time signal with period p = 32. Below are plotted
six possible such signals z. For each of these, match one of the six plots on
the next page, or indicate that none matches.

. One P'eriod o'f Periogic x(n]. @E@@ ‘ . One Pleriod olf Periodic x{n) @E@E‘
10F f ' —
ol et
U_.ﬂ hf.ll“.ﬂh-‘ll 11 M,,Tﬂ hT.lll
s g
5 ; 1'0 1I5 ZID 2I5 alcl o 6 5 1‘u 15 zlo 25 3IU
matching FS: d matching FS: a
One Period of Periodic x(n) @E@E One Period of Periodic x(n) @EEE
1oF 1 f ! g 10 ; T f ‘ f —
0sr 7 0a[
-AANARRHAARRRLIRR [ - £
P I
ol ‘ | 1) 0L | | | !
1} 3 10 14 20 25 30 0 5 10 15 20 25 30
matching FS: e matching FS: ¢

=l =1] 1

One Period of Periodic x(nh)

Al - L
A i

One Period of Periodic x(n)

& .
T
(& ]

-0a 1 -051
-1.op ! 1 ! ! | I I i 1.0 I
0 5 10 15 20 25 a0 0 5 10 15 20 2 an
n n
: : e :
matching FS: matching FS: b
17 (a)

2(n) =1+ COS(%(n — )+ sin(g(n — )

p1 =38
= p = 8sec
p2:4} P

19



2
wo = % = %rads/sec
(b)
z(n) = 1+ cos(%) + COS(% — g)
2
= Ap+ Z Ay, cos(kwon + ¢r,)
k=1
k = p/2=4,
AO == 1,A1:1,A2:1,A3:A4:O;
¢1r = 0,02 =—7/2,¢3=04=0
(c)
p—1
z(n) = Zxkeikwon k=4
k=0
) Agetor/? if ke{l,..3}
e = Apei®/? 4 Ape™ /2 = Ay cos(¢) if k=4
Ag_ e its-k/2 if ke{5,..7}
g = 1
r1 = A1€i¢1/2 = 1/2
Age®2 et cos(m/2) —isin(r/2) 1
€T = = = =
2 2 2 2 2
I3 = 0
Ty = 0
5 =
1
Tg = ——
6 2
1
Ty = 5
(d)
yln) = 1+ sin(@) - COS(H)
4 2
2 if O<w<m
H(w) = 14iHw), H(w)=¢ 1 if w=0orw=m
1 if —T<w<0

20
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(f)

or

y<n) =14+ eiwn/4 . Z'eiwn/Q

y(n) =14+ e“m/4 + ie¢(7rn/2—7r/2)

= c(t)x(t)
X(w—we) + X(w+w)

c(t) = 2cos(w.t)
xz(t) = 2cos(wyt)

X 2

2

)
(w)
Xw) = 7[0(w—wz)+ 0w+ w,)] x 2
Y(w) = 27[0(w — (we + wy)) + 0w — (we — wz)) + 0w + (we — wy)) + 0(w + (we + wy)

A
21T 21 21 21T
Lol V)
“We-Wyx ~We -+ We-Wyx We wetwy

(b)

Uw) = Y(w)H(w)

= 27[0(w — (we —wy)) + 0w — (we + wy))]

u(t) = elWemwot 4 pilwetwa)t =, — 978000, w, = 27400

(c)

I=T) | i)

£ (2m8000~2m400).(gdig) 4 w(2m8000+27400) ()

6jw(27m727r%) + ejw(27m+27r%)

; ejw(Zﬂ'n) -1

nm

2 cos(—)

10

21



(d)

= Ideal Int lat ! T=—
z eal Interpolator,.(u) 000°
Zw) = U(w)S(w)
[T <3
Slw) = {o if Jw|>Z
W) = > d(n)i(t—nT)
Ww) = o' (wT) Z(w) =W(w)S(w) = u'(wT)S(w)
B Tu'(WT) if F<w<FH
Zw) = { 0 otherwise
U(w) o )
m
U’'(w) We-Wx WetWwy
2m/T  2n/T 2n/T 2n/T 2n/T 2n/T
-wyT wyT (Werw )T (Wetw )T W) T (2wetwy)T
Z(w) 2m 2m
=Wy 0 Wy
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